Abstract. For an elliptic curve E over K, the Birch and Swinnerton-Dyer conjecture predicts that the rank of Mordell-Weil group E(K) is equal to the order of the zero of L(E, s) at s = 1. In this paper, we shall give a proof for elliptic curves with complex multiplications. The key method of the proof is to reduce the Galois action of infinite order on the Tate module of an elliptic curve to the Galois action of finite order by using the p-adic Hodge theory. As a corollary, we can determine whether a given natural number is a congruent number (congruent number problem).
Algebraic Hecke character and Algebraic Galois character
In this section, we shall review the basic facts on the class field theory based on [Y] . Let 
where this correspondence is given by Π = R • Art F . Now, let us consider a padic Hecke character Π :
Since Q p × is totally disconnected, the connected component of the identity on the left hand side is contained in Ker (Π) and we obtain Π |F ×0 ∞ = 1. By the same method above, we have a one-to-one correspondence {Galois character R : G F → Q p × } ↔ {Hecke character Π : A 
Furthermore, if Π v is algebraic for all infinite places v in F , we say that Π is the algebraic Hecke character (different from the usual definition) and that the set of integers (a τ ) τ (the number of this set is [F : Q] ) is the weights of Π. For an algebraic Hecke character Π of weights (a τ ) τ and a field isomorphism ι : Q p ≃ C, define the p-adic Hecke character Π ι by
For a finite place v of F , since Π v factors through a discrete group, (Π ι ) v is continuous. On the other hand, for an infinite place v, since (Π ι ) v factors through a finite group, (Π ι ) v is also continuous. It follows that Π ι is a continuous character. 
Note that, since the finite component of Π :
× is a character of a locally profinite group, the finite component of Π is trivial on an open subgroup U ofÔ
the ring of integers of F ). We say that such a p-adic Galois character R is an algebraic Galois character and that the set of integers (b τ ) τ (the number of this set is [F : Q] ) is the Hodge-Tate weights of R. In particular, it follows from the global class field theory that the algebraic Galois character of Hodge Tate weights (0) τ factors through a finite quotient since the corresponding algebraic Hecke character Π satisfies Π |F
2. L-function of an elliptic curve and class field theory 2.1. Preliminary. Let E/K be an elliptic curve with complex multiplication over an imaginary quadratic field K. Choose an algebraic closure K of K and consider the absolute Galois group G K = Gal(K/K). For a prime p, consider the Tate module V p (E) over Q p if p splits in K (resp. over K p otherwise). Then, by the theory of Lubin-Tate, we have a splitting
Lemma 2.1. With notations as above, V (1) (resp. V (2) ) has the Hodge-Tate weight 0 (resp. 1) or V
(1) (resp. V (2) ) has the Hodge-Tate weight 1 (resp. 0).
Proof. Since the weight of an algebraic Hecke character (hence Hodge-Tate weight) does not depend on the choice of prime p, we may assume that the prime p inerts in K. In this proof, we consider the tensor products over K p . Let C p denote the p-adic completion of an algebraic closure of Q p . Since, by the comparison theorem of the p-adic Hodge theory ( [T] , p.180, Cor.2), we have
On the other hand, since 1 ⊗ α and 1 ⊗ β are elements of
we can write
where 1 (resp. T) denotes the basis of C p (resp. C p (1)) such that we have g(1) = 1 and g(T) = χ(g)T (g ∈ G Kp , χ is the cyclotomic character). From the presentation of ( * ) and ( * * ), we have
and it follows that we obtain
Assume that we have b = 0 and then we have g(ab −1 ) = χ(g)ab −1 . Since such an element exists in C p if and only if ab −1 = 0, this means that we have a = 0. Therefore, we can obtain a = 0 or b = 0 (similarly c = 0 or d = 0) and it follows from ( * * ) that V
(1) (resp. V (2) ) has the Hodge-Tate weight 0 (resp. 1) or V
(resp. V (2) ) has the Hodge-Tate weight 1 (resp. 0).
Remark 2.2. With notations as in the proof of Lemma 2.1, we show that each Hodge-Tate weight does not depend on the embeddings K p ֒→ C p . Let h : K p ֒→ C p be the other embedding. Then, we can write ( * * * ) h(1) = k1 + lT and h(T) = m1 + nT (k, l, m, n ∈ C p ).
On the other hand, for an element
Thus, we obtain g(l) = χ(g) −1 l and g(m) = χ(g)m and such elements l, m exist in C p if and only if l = m = 0. It follows from ( * * * ) that each Hodge-Tate weight does not depend on the embeddings K p ֒→ C p and we have h(C p ⊗V
(1) ) = (2) . This means that the Hodge-Tate weights of V (i) as a Q p -representation are (0, 0) or (1, 1).
From now on, fix the notation such that V (1) (resp. V (2) ) has the Hodge-Tate weight 0 (resp. 1). The following is the key lemma which connects the unit elements of the rings of integers of number fields and rational points on elliptic curves.
Lemma 2.3. In the sense of §1, V
(1) (resp. V (2) ) has the Hodge-Tate weight (0) τ (resp. (1) τ ).
Proof. Since the weight of an algebraic Hecke character (hence Hodge-Tate weight) does not depend on the choice of prime p, we may assume that the prime p inerts in 
where N Kp/Qp denotes the norm map from K p to Q p and 1 = τ ∈ Hom Qp (K p , Q p ) (see §1). This means that V
Global class field theory and Hecke character. Let σ
, 2) denote the Galois character obtained from the action of G K on V p (E). By the theory of complex multiplication ( [S] , II.10.5), there exists a Hecke character
. This means that, for a good prime v ∤ p, the prime element ℘ v of K and the Frobenius element Frob v are related by
Remark 2.4. Since the both sides are connected just by a field isomorphism ι : Q p ≃ C, this does not mean that the effect of the complex conjugation changes σ
(1) to σ (2) as a continuous character and we shall modify the both sides of ( * ) to obtain the continuous Hecke and Galois characters (see §1).
Let us denote ω
(1)
(1) (resp. V (2) (1)) has the Hodge-Tate weight (0) τ , we can normalize the both sides of the L-functions such that the Hecke character ω (resp. σ (2) (1)) corresponds to the algebraic Hecke character ω
K (1)), this character becomes an algebraic Galois character of the Hodge-Tate weight (0) τ and factors through a finite abelian extension K 1 /K (resp. K 2 /K) by the global class field theory. In this situation, the effect of the complex conjugation changes σ
(1) (resp. ω
K (1)) as a continuous character. Remark 2.5. Note that these characters are different from the former ones up to the normalization and that the former characters never factor through finite quotients.
Example 2.6. Consider the elliptic curve y 2 = x 3 − Dx (D ∈ Z * ) which has the complex multiplication by K = Q(i). Let p denote the prime ideal of Z such that p does not divide 2D. a). In the case of p ≡ 3 (mod 4), we have ω 
is also given by ω 
π. In this case, we normalize this character as ω
and its normalized complex conjugation ω
In this case, we normalize the Hecke character as ω
K (1)). Since one of these local eigenvalues of normalized Hecke characters is a root of unity (i.e. weight 0) and this forces the normalized Hecke L-function to be of weight 0, the normalized Hecke characters factor through global finite Galois extensions. From now on, we consider the normalized actions of Hecke and Galois characters and denote L-functions by the same symbol except L(E, s). In particular, a Frobenius eigenvalue α at F l of the Tate module satisfies | α |= 1 but = l 1 2 as in this example.
2.3. Hecke L-function and Dedekind zeta function. Since the Galois character σ
(1) is non-trivial, we can show that L(ω
K , s) does not have any poles or zeros at s = 1. Furthermore, we can deduce that the order of L(ω 
Rational points and unit elements
Choose a prime p which splits in K such that the extensions K 1 /K and K 2 /K are of degree prime to p.
Top exact sequence. Let T
(1) denote a free of rank 1 module over Z p on which G K acts via σ
(1) and put
where A L denotes the ideal class group of L ( [R] , p.24). Thus, it follows that all of 0
3.2. Bottom exact sequence. Let T (2) denote a free of rank 1 module over Z p on which G K acts via σ (2) and put
. Then, we have the following commutative diagram of Q p /Z p -modules where all of the horizontal and vertical lines are exact ( [R] , p.24-28).
Here, E denotes the elliptic curve E whose Galois actions are normalized as in §2.2. Since we have End(E) ⊗ Q p ≃ End(V p (E)) : g → g V by the isogeny theorem of Faltings, such a normalized elliptic curve E actually exists: For a Galois action g of E, there exists a Galois representation g V on V p (E). Thus, for the normalized Galois representation g * V , we obtain the corresponding Galois action g * of E.
Remark 3.1. Let V p (E) denote the Tate module of E over Q p endowed with the normalized Galois action G K . As mentioned in §2.2, a Frobenius eigenvalue α at F l of V p (E) satisfies | α |= 1 but = l 1 2 and this means that we have L(E, s) = L(E, s). Once we have ord s=1 L(E, s) = rank(E G K ), however, we obtain also ord s=1 L(E, s) = rank(E(K)) if the usual Galois actions on the Tate module in §2.1 are restored.
3.3. Some consequences. As for the left vertical in the diagram above, it follows from the snake lemma that the rank of E G K is equal to that of the unit group of O K 2 (the ring of integers of K 2 ). Thus, we can see that the rank of the MordellWeil group E(K) is equal to the order of L(E, s) | s=1 . In particular, if E is defined over Q, the Weil restriction of E/K to Q is isogenous to the product of E with its quadratic twist ( [M] , §1) and thus we obtain ord s=1 L(E Q , s) = rank(E(Q)). Therefore, it follows that we can determine whether a given natural number n is a congruent number by the criterion of Tunnell for the equation E n : y 2 = x 3 −n 2 x.
